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Abstract
We study the most general Multi-Higgs-Doublet Model (MHDM) with Natural Flavor Con-
servation (NFC). The couplings of a charged scalar H±
i
to up quarks, down quarks and charged
leptons depend on three new complex parameters, Xi, Yi and Zi, respectively. We prove relations
among these parameters. We carry out a comprehensive analysis of phenomenological constraints
on the couplings of the lightest charged scalar: X , Y and Z. We find that the general MHDM may
differ significantly from its minimal version, the Two-Higgs-Doublet Model (2HDM).
1 Introduction
The Higgs sector of the Standard Model (SM), consisting of a single Higgs doublet, has not yet
been experimentally tested. The possibility of an extended Higgs sector is definitely consistent with
experimental data. The simplest extensions are models with several Higgs doublets, implying the
existence of charged scalars. The simplest of these is the Two-Higgs-Doublet Model (2HDM), which
has received substantial attention in the literature [1]. However, very little is found in the literature on
models with more than two Higgs doublets and, in particular, there exists no comprehensive analysis of
these models. It is the purpose of this work to study the general Multi-Higgs-Doublet Model (MHDM),
and perform a comprehensive analysis of the charged Higgs sector of the model. In the lack of direct
experimental knowledge, we study indirect effects of charged scalars in order to place constraints on
this sector. In particular, we consider charged scalar contributions to low-energy processes: neutral
meson mixing, rare K and B decays, Z boson interactions and CP violating effects. The results from
this combined analysis are used to find the region in parameter space which is consistent with all data.
We then discuss the differences between the MHDM and the 2HDM. Throughout this work we assume
that there are no significant cancellations with other types of new physics.
Our work is organized as follows. In chapter 2 we describe the MHDM and prove general relations
between the model parameters. In chapter 3 we discuss the relevant processes, and list the formulae
and numerical data used in our analysis. In chapter 4 we combine all the constraints and find the
allowed range of the model parameters. In chapter 5 we discuss the differences between the MHDM
and the 2HDM. Finally, chapter 6 contains a summary of our work.
2 The Model
2.1 Introduction
There are basically two major constraints on any extension of the Higgs sector of the SM. First, it
is an experimental fact that ρ = m2W /(m
2
Z cos
2 θW ) is very close to 1 [2]. It is known [1] that in a
model with only Higgs doublets, the tree-level value of ρ = 1 is automatic without adjustment of
any parameters in the model. Second, there are strong experimental limits on flavor-changing neutral
currents (FCNC’s). In the SM, tree-level FCNC’s are absent because fermion mass matrices and
Higgs-fermion couplings are simultaneously diagonalized. In general, this ceases to be true in a model
with a non-minimal Higgs sector. An elegant way to avoid this problem is based on a theorem by
Glashow and Weinberg [3] called Natural Flavor Conservation (NFC): tree-level FCNC’s mediated
by Higgs bosons will be absent if all fermions of a given electric charge couple to no more than one
Higgs doublet. This can be achieved by imposing extra symmetries. If we adopt this mechanism, the
Higgs couplings to fermions are constrained but not unique. There are five possibilities to couple the
Higgs doublets to the known three types of massive fermions (up-type quarks, down-type quarks and
charged leptons.). Summary of these possibilities is given in Table 1. For Model III at least three
Higgs doublets are needed, for Model I one is enough, while for the other models two are sufficient.
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Model
I I’ II II’ III
d (down-type quarks) 1 1 1 1 1
u (up-type quarks) 1 1 2 2 2
e (charged leptons) 1 2 2 1 3
Table 1: Summary of all the possibilities of MHDM. The numbers in the table show which Higgs
doublet couples to which fermion type.
It does, of course, make a difference if the number of Higgs doublets is larger than the minimal one.
For a general MHDM the Yukawa interactions are given by
− LY = QLiFDij ΦdDRj +QLiFUij Φ˜uURj + LLiFEijΦeERj + h.c. (1)
Where left-handed quark doublets are denoted by QLi , and left-handed lepton doublets by LLi . Right-
handed quark singlets are denoted by DRi and URi , and right handed charged lepton singlets by ERi .
The sub-index i is a generation index (i = 1, 2, 3). Higgs doublets are denoted by Φj (where j runs
from 1 to n, the number of Higgs doublets), and Φ˜j = iσ2Φ
∗
j . Sub-indices d, u and e denote the Higgs
doublet that couples to the down-type quarks, up-type quarks and charged leptons, respectively. FU
and FD are general 3 × 3 Yukawa matrices and we can choose a basis where one of them is real and
diagonal. Since we consider massless neutrinos, FE can be chosen real and diagonal. In a general
MHDM, with n Higgs doublets, there are 2n charged and 2n neutral scalar fields. After spontaneous
symmetry breaking two charged fields and one neutral field become the would-be Goldstone boson
“eaten” by the W± and the Z in order to acquire their masses, and only 2(n− 1) charged and 2n− 1
neutral physical scalars are left. The Yukawa interaction of the physical charged scalars with fermion
mass eigenstates is given by [4]
L±Y = (2
√
2GF )
1/2
n∑
i=2
(XiULVMDDR + YiURMUV DL + ZiNLMEER)H
+
i + h.c. (2)
MD, MU and ME are the diagonal mass matrices of down-type quarks, up-type quarks and charged
leptons, respectively. H+i denote the positively charged physical scalars. Left-handed neutrino fields
are denoted by NL, and the CKM matrix by V . Xi, Yi and Zi are complex coupling constants
that arise from the mixing matrix for charged scalars. An important feature of the charged scalar –
fermion interactions is that they are proportional to the fermion masses. Hence, effects are stronger
in processes involving heavy fermions, real or virtual.
2
2.2 Relations between Xi, Yi and Zi
Xi, Yi and Zi arise from the mixing matrix U , which rotates the charged scalar interaction eigenstates
into the mass eigenstates [4] 

G+
H+2
...
H+n

 = U


Φ+1
Φ+2
...
Φ+n

 , (3)
where G+ is the would-be Goldstone boson and H+i are the physical charged scalars. U is an n × n
unitary matrix that can be parameterized as the generalized CKM matrix with n(n− 1)/2 angles and
(n− 1)(n− 2)/2 phases [4]. Since G+ is the Goldstone boson that gives the W+ its mass in the same
way as in the SM, we obtain
G+ =
1
v
n∑
i=1
viΦ
+
i , (4)
where vi ≡< Φi > and v ∼= 246 GeV is the SM vacuum expectation value (vev). Using eq. (3) we get
vi = U1iv,
n∑
i=1
v2i = v
2. (5)
We define
Xi =
Udi
Ud1
, Yi = −Uui
Uu1
, Zi =
Uei
Ue1
. (6)
Using these definitions and the unitarity of U , we obtain the following relations:
Relation 1
n∑
i=2
XiY
∗
i = 1 (for Φd 6= Φu), (7)
n∑
i=2
XiZ
∗
i = −1 (for Φd 6= Φe),
n∑
i=2
YiZ
∗
i = 1 (for Φu 6= Φe).
Relation 2
n∑
i=2
|Xi|2 = v
2
v2d
− 1,
n∑
i=2
|Yi|2 = v
2
v2u
− 1,
n∑
i=2
|Zi|2 = v
2
v2e
− 1. (8)
Relation 3 Xi, Yj and Zk (i, j, k ∈ 2..n) cannot be simultaneously large (more than
√
n− 1), unless
there is at least one Higgs doublet that does not couple to fermions.
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These relations are proved in appendix A.
Special cases of our results are known for 2HDM and 3HDM. In 2HDM there is only one charged
scalar, so we drop the sub-indices of Xi, Yi and Zi. For Model II [1]
Z = X = tan β, Y = cot β, tan β =
vu
vd
, (9)
and the three relations are clearly fulfilled. For 3HDM [5]
X1Y
∗
1 = 1−X2Y ∗2 , Y 21 + Y 22 =
v2d + v
2
e
v2u
, X21 +X
2
2 =
v2u + v
2
e
v2d
, (10)
which are examples of relations 1 and 2.
A few points are in order:
1. An important relation between X and Y in 2HDM (Model II ), namely XY ∗ = 1, is not retained
in the framework of a general MHDM. Consequently, processes involving this combination can
be enhanced or suppressed in MHDM compared to 2HDM. A similar statement holds for the
combinations XZ∗ and Y Z∗.
2. The most general features of MHDM can be realized in 4HDM. In 3HDM (Model III ) the
couplings cannot be simultaneously large. This constraint is removed in 4HDM. However, in
most of the processes that we study, not all couplings are involved, and 3HDM is general enough.
3. From relation 1 we see that if all charged scalars were degenerate, the model practically reduces
to 2HDM, namely, the relations XY ∗ = 1, XZ∗ = −1 and Y Z∗ = 1 hold. Consequently, in order
to exploit the most general MHDM, we assume that one of the charged scalars is much lighter
than the others, and that all the heavy charged scalars effectively decouple from the fermions.
Then, we consider in the calculations the single light charged scalar, and drop the sub-indices
of Hi, Xi, Yi and Zi.
2.3 CP violation
Within the framework of MHDM, CP violation could arise in charged scalar exchange if there are at
least three Higgs doublets [6]. Then, there are two mechanisms which give rise to CP violation (for a
review see [5]):
1. Spontaneous CP violation (SCPV). CP symmetry is enforced at the Lagrangian level, but broken
through complex vev’s. The requirement of SCPV forces δCKM = 0 [7]. In this case, CP
noninvariance arises solely from charged scalar exchange. However, experimental data exclude
this possibility [8, 9].
2. Explicit CP violation. CP is broken by complex Yukawa couplings and possibly by complex
vev’s1. In such a case, CP violation can arise from both charged scalar exchange and W±
exchange.
1 Actually, CP can also be broken through complex scalar couplings. We will not discuss this possibility.
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Figure 1: The Feynman rules for the charged scalar - fermions interaction within MHDM.
In both cases, CP violation in the Higgs sector is manifest in phases that appear in the combinations
XY ∗, XZ∗ and Y Z∗. We emphasize that the requirement that the charged scalars are nondegenerate
is mandatory for CP violation from the Higgs sector. If the charged scalars were degenerate, XY ∗ is
replaced by
∑n
i=2XiY
∗
i = 1, which is real.
2.4 Summary
The model that we study is the SM with extended Higgs sector. Its Higgs sector contains more than
two Higgs doublets with NFC. We focus on the charged scalars, and assume that all but the lightest
of the charged scalars effectively decouple from fermions. The couplings of the lightest charged scalar
to fermions are given by:
L+Y = (2
√
2GF )
1/2(XULVMDDR + Y URMUV DL + ZNLMEER)H
+ + h.c. (11)
This interaction yields the Feynman rules given in fig 1. In this model there are several new parameters:
The mass of the lightest charged scalar: mH , and the coupling constants: X, Y and Z. These couplings
are arbitrary complex numbers. It is the subject of the coming chapters to find the experimentally
allowed ranges for these parameters.
3 Phenomenology
In this chapter we discuss various processes where a virtual charged scalar may contribute significantly.
From the experimental results for these processes, we are able to constrain the parameters of the model.
Wherever possible we use the experimental data at the 95% CL. For theoretical uncertainties we use
estimates and cannot assign a confidence level to the errors. Before discussing the processes, we list
values of quark sector parameters that we use, and give constraints on the charged scalar parameters
that are obtained from direct measurements and perturbativity.
3.1 Values of quark parameters
For quark masses we use [10]
mu = 5 MeV, md = 9 MeV, ms = 180 MeV, mc = 1.4−1.5 GeV, mb = 4.6−5 GeV. (12)
For the top quark the situation is different. First, it is the only quark that has not been observed.
Thus, there is large uncertainty in its mass. Second, since it is the heaviest quark, its coupling to the
charged scalar is the largest. The direct search for the top at CDF gives mt > 113 GeV [11], while
the electroweak precision measurements at LEP give mt < 185 GeV [12]. Within the framework of
MHDM both bounds are relaxed. If mH < mt, the top may escape detection at CDF [13]. Additional
loops that include the extra scalars may affect the electroweak precision measurements [14]. Then,
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the bounds on mt are related to the MHDM parameters. Thus, whenever we use some values of the
MHDM parameters we use only values of mt that are consistent with them.
For the values of the CKM matrix elements we use [15, 16, 17]
|Vud| ∼= |Vcs| ∼= |Vtb| ∼= 1, (13)
|Vcd| ∼= |Vus| ∼= 0.22,
|Vts| ∼= |Vcb| = 0.040 ± 0.007,
|Vub/Vcb| = 0.08 ± 0.03.
Unitarity constraints on |Vtd| give
|Vtd| = 0.004 − 0.016. (14)
The allowed ranges for |Vtd| and δCKM are different in the SM and in MHDM [18]. Furthermore, they
are related and depend on mt.
For the masses of the physical particles we use the values quoted by the Particles Data Group
(PDG) [2].
3.2 Constraints on scalar parameters
For the mass of the lightest charged scalar we use [19]
mH > 43 GeV. (15)
There is no upper bound on mH : The SM Higgs boson is bounded by unitarity to be lighter than
about 1 TeV, but there is no similar unitarity bound on the charged scalar of MHDM (for a discussion
of this point see [1]).
We can get perturbativity bounds on |X|, |Y | and |Z|: We restrict ourselves to the range where
perturbation expansion is valid. Following [20] we find
|Y | < 600 GeV
mt
< 7, (16)
|X| < 600 GeV
mb
≈ 130,
|Z| < 600 GeV
mτ
≈ 340.
There is no lower bound on |X|, |Y | and |Z|. When all of them vanish, the model practically reduces
to the SM.
3.3 B − B¯ mixing
The mass difference in the neutral B meson system (∆mB) has been measured and it fits the SM
predictions [21, 15, 22]. However, there are large uncertainties in the calculation (mainly in the values
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Figure 2: The diagrams that contribute to B − B¯ mixing. (a): The SM diagram. (b): The two-Higgs
diagram. (c): The mixed diagrams. The diagrams where the intermediate bosons and fermions are
exchanged are not shown.
of mt, Vtd and fB) that leave a lot of room for non-SM contributions. The MHDM extra contributions
to the mixing come from box diagrams with intermediate charged scalars (see fig. 2).
In the calculation we neglect external momenta but keep all quark masses. We use the Vacuum
Insertion Approximation (VIA) which is a good approximation in this case [23]. For intermediate
quark only the top quark is important
M12(Bq) =
G2F
64π2
m2WηB(V
∗
tqVtb)
2[IWW + IHH + IHW ] q = d, s. (17)
The SM contribution (fig. 2(a)) is IWW [21], while box diagrams with two charged scalar propagators
(fig. 2(b)) or one charged scalar and one W propagator (fig. 2(c)) give IHH and IHW , respectively.
ηB ∼ 0.55 is a QCD correction factor [24]. The QCD corrections to the MHDM diagrams have been
calculated in the leading logarithmic approximation [25], and only for the terms with the same Dirac
structure as the SM diagrams. However, following [20] we apply the same QCD correction factor both
to the SM and the MHDM contributions. In what follows we present only the most important terms:
IWW = xt4I0(xt)VLL, (18)
IHH = xt[yt|Y |4I1(yt)VLL + ytyb(XY ∗)24I2(yt)SLL + ybyq|X|4I1(yt)VLL],
IHW = xt[xt|Y |2(2I3(xt, xH)− 8I4(xt, xH))VLL + 2xtxb(Y X∗)I4(xt, xH)SLL],
where xq ≡ m2q/m2W and yq ≡ m2q/m2H . The matrix elements, VLL and SLL, and the loop integrals,
Ii, are given in appendix B. Setting mb and md to zero we get the known results [26, 27], while for
the case where only md is set to zero our results agree with those of [8]. We use ∆mB = 2|M12|
and [2, 28, 17]
xd ≡ ∆mB/ΓB = 0.67 ± 0.11, fB = 190 ± 50 MeV, τB = 1.49 ± 0.03 ps. (19)
We conclude that large contribution to B − B¯ mixing may arise for large Y or large XY ∗. For
the B system the contribution from the term proportional to |X|4 is small, even for X as large as the
perturbativity bound. However, for the Bs system its contribution can be large.
3.4 K − K¯ mixing
There are two well measured quantities related to K − K¯ mixing: the mass difference ∆mK and the
CP violating observable ǫ (for a review see [15]). Taking into account the bounds from B − B¯ mixing,
we find that charged scalar mediated diagrams may give only a small contribution to ∆mK [1]. The
situation is different for ǫ [22]
|ǫ| = Im(M12)√
2∆M
. (20)
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ǫ is a very accurately measured quantity, but there are large uncertainties in the SM calculation
(mainly from mt, Vtd and BK). In MHDM there are two new sources that can contribute to ǫ: The
imaginary part of the charged scalar box diagrams, and enhanced long-distance contributions. The
short-distance diagrams are similar to those of B − B¯ mixing (fig. 2) with the replacement b → s.
For the SM box diagrams we consider both charm and top intermediate quarks, while for the charged
scalar box diagrams only the top quark is important. We keep only the terms that are proportional
to the internal quark masses:
|ǫSD| = 1√
2∆M
G2F
48π2
m2WmKf
2
KBK Im[I
c + It + Ict], (21)
with
Ic = η1xcλ
2
cI0(xc), (22)
It = η2xtλ
2
t [I0(xt) + yt|Y |4I1(yt) + xt|Y |2(2I3(xt, xH)− 8I4(xt, xH))],
Ict = 2η3xcλtλcI6(xc, xt),
where λq = VqsV
∗
qd, and η1 ∼ 0.85, η2 ∼ 0.62 and η3 ∼ 0.36 are QCD corrections factors [25]. Due to
the lightness of the valance quarks, the terms that depend on their masses are neglected. This implies
that the term that may have introduced CP violation from the Higgs sector, namely, the term that
depends on XY ∗, is very small and cannot contribute significantly to ǫ. Our result agrees with [29].
For the numerical values we use [2, 22]
|ǫ| = 2.26 × 10−3, fK = 161 MeV, BK = 2/3 ± 1/3. (23)
The long-distance contributions to ǫ are negligible in the SM but in MHDM, where they depend
on the phases of the Higgs sector, they may be important (see [22, 30, 8]). The largest contribution
comes from the intermediate η′ [31, 22]
|ǫLD| ≈ 0.02 GeV2 Im(XY
∗)
m2H
[
ln
m2H
m2c
− 1.5
]
. (24)
There is an additional CP violating parameter, ǫ′/ǫ. There is no unambiguous evidence for ǫ′/ǫ 6=
0 [2]. Furthermore, there are large uncertainties in its calculation. Therefore, at present, it is not
possible to extract useful constraints from it. A discussion can be found in [20, 18].
We conclude that large contribution to ǫ may arise for large Y through the short-distance contri-
butions, or for large Im(XY ∗) through the long-distance contributions.
3.5 D − D¯ mixing
The mixing in the D system is different from other neutral meson systems:
1. The intermediate quarks in the box diagrams are down-type. Consequently, the box diagrams
contribution to the mixing is smaller than in mesons where the intermediate quarks are up-
type [32].
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2. D − D¯ mixing has not been observed, and only an upper bound has been established [2],
∆mD < 1.5× 10−13 GeV 95% CL. (25)
3. The long distance contribution to the mixing is probably dominant over the SM box diagram.
It is estimated to be about two orders of magnitude below the experimental bound [33] or even
smaller [34].
Because of the above reasons, D − D¯ mixing constrains neither the SM parameters [15], nor (as we
find) the MHDM parameters.
The diagrams that contribute are similar to those of B − B¯ mixing (fig. 2) with the replacements
b→ c, d→ u and t→ s, b. In the calculation we neglect the SM contribution and the mixed diagrams,
while from the two-Higgs box diagram we take only the term proportional to |X|4
M12 =
GF
2
48π2
m2W f
2
DmDIHH , (26)
with
IHH = |X|4xH [λ2sy2sI1(ys) + λ2by2bI1(yb) + 2λbλsybysI5(yb, ys)], (27)
where λq = VcqV
∗
uq. We can simplify the expression using
I1(ys) ∼= I1(yb) ∼= I5(yb, ys) ∼= 1, (28)
and get
M12 =
GF
2
48π2
m2W f
2
DmD|X|4xH [λ2sy2s + λ2by2b + 2λbλsybys]. (29)
Setting λb to zero, our result agrees with [26], while setting ms to zero, our result agrees with [20].
For the numerical values we use [2, 28]
∆mD < 1.5× 10−13 GeV, fD = 170 ± 30 MeV. (30)
We conclude that large contribution to D − D¯ mixing may arise for large X.
3.6 Z → bb¯
The decay Z → bb¯ has been measured at LEP. Within MHDM, extra contributions arise via virtual
scalars in the vacuum polarization diagrams and the vertex corrections. Recently, a new method
of analyzing the electroweak precision data was proposed [35]. In this method the non-SM effects
manifest themselves via four observables: ǫ1, ǫ2, ǫ3 and ǫb. We are interested in ǫb which is closely
related to the vertex correction to Z → bb¯. By comparing the experimentally measured quantity,
ǫb, to the theoretical calculation of the vertex correction, ∇b, one can put bounds on the MHDM
parameters [36]
ǫb ∼= 2.3∇b. (31)
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Figure 3: The additional MHDM diagrams that contribute to b→ sγ. The SM diagrams obtained by
replacing the charged scalar propagators with a W -boson ones.
∇b is defined in [37]:
∇b = ∇SMb +∇Hb , (32)
with
∇SMb ∼= −
20α
13π
(
m2t
m2Z
)
, (33)
∇Hb ∼= C · FL(mt)|Y |2m2t ,
where C is given in appendix B and FL can be found in [37]. For the numerical data we use [35]
ǫb > −1× 10−2 95% CL. (34)
There are also terms in ∇Hb proportional to |mbX|2. Some of these terms depend on the neutral
Higgs parameters, but appear with a sign opposite to the terms that depend on the charged Higgs
parameters [38]. Thus, cancellation may occur and a bound on X cannot be obtained. This also
applies to the decay Z → τ τ¯ . There, the MHDM contribution is proportional to |mτZ|2, but the
terms that depend on the neutral Higgs parameters may cancel the terms that depend on the charged
Higgs parameters, and a bound on Z cannot be obtained.
We conclude that large contribution to Z → bb¯ may arise for large Y or large X. However, a bound
can be obtained only on Y .
3.7 b→ sγ
Recently, the CLEO collaboration has given an upper bound on the radiative B decay [39]
BR(b→ sγ) < 5.4× 10−4 95% CL, (35)
which is only about a factor of 2 above the SM prediction. Uncertainties in the calculation come
mainly from the value of mt [40]. The diagrams that contribute to b→ sγ are given in fig 3. The SM
calculation was done in [41] and the MHDM calculation in [42, 43, 8, 44]:
BR(b→ sγ) = C|η2 +GW (xt) + (|Y |2/3)GW (yt) + (XY ∗)GH(yt)|2, (36)
where
C ≡ 3αη
2
1 BR(B → Xcℓν)
2πFps(m2c/m
2
b)
≈ 3× 10−4. (37)
Fps ∼ 0.5 is a phase space factor given in appendix B, η1 ∼ 0.66 and η2 ∼ 0.57 are QCD correction
factors [44]. The expressions for the G-functions are given in appendix B. The SM result can be
obtained by setting X and Y to zero in (36). In the full calculation [45] a term proportional to |X|2
appears, but it is suppressed by (ms/mb)
2 and we can safely drop it.
We conclude that large contribution may arise for large Y or large XY ∗.
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Figure 4: The diagrams that contribute toK+ → π+νν¯. (a) The Z penguin diagrams. The solid square
represent the effective sdZ vertex which induced by diagrams similar to these of b→ sγ (fig. 3). (b)
The SM box diagram. (c) The two charged scalars box diagram. (d) The mixed diagram. The second
mixed diagram is not shown.
3.8 K+ → π+νν¯
The branching ratio of the decay K+ → π+νν¯ has not yet been measured. The current bound is [46]
BR(K+ → π+νν¯) < 6.8 × 10−9 95% CL, (38)
is about two orders of magnitude above the SM prediction. The calculation suffers from uncertainties
in mt and Vtd (for a review see [47]). The diagrams that contribute to this process are given in fig. 4.
In the SM, the penguin and the box diagrams are of the same order, and intermediate charm and
top quarks are important. In diagrams that involve charged scalars the intermediate top quark is
dominant. Since the external quark masses are small, we consider only terms proportional to internal
quark masses.
The SM diagrams were calculated in [41]. The MHDM result is obtained from the 2HDM calcula-
tion [20, 18, 48] by multiplying the two charged scalars box diagram by |Y Z|2 and the mixed diagrams
by Re(Y Z∗)
BR(K+ → π+νν¯) = C|Vus|2
∑
ℓ=e,µ,τ
|ISM + IHH + IWH + IZH |2, (39)
with
C ≡ G
2
Fm
4
W
4π4
BR(K+ → π0e+ν) ≈ 6.9× 10−7. (40)
The SM contribution is ISM , the two charged scalars box diagram is IHH , the mixed diagrams are
IWH and the charged scalar penguin diagrams are IZH
ISM = ηcλcDSM (xc, xℓ) + λtDSM(xt, xℓ), (41)
IHH = |Y Z|2λtxtyℓI5(yt, yℓ),
IWH = Re(Y Z∗)λtxtxℓ(I7(xt, xℓ, xH) + I8(xt, xℓ, xH) ),
IZH = |Y |2λtDZH(xt, yt),
where λq = VqdV
∗
qs and the D-functions are given in appendix B. ηc ∼ 0.7 is a QCD correction
factor [47], while QCD corrections to the diagrams with an intermediate top quark are small [49].
While for the penguin diagrams the MHDM contribution is independent of the final lepton, the
charged scalar box diagrams depend on the internal lepton mass and it may be important only for
internal τ . In 2HDM (Model II ) Y Z∗ = 1 and the charged scalar box diagrams are negligible. Our
results disagree with those of [47] where it is claimed that the charged scalar box diagrams are not
important even within MHDM. We believe that the reason for this is that they assume that all the
11
Figure 5: The diagrams that contribute to B → Xτντ . (a) The SM diagram. (b) The charged scalar
mediated diagram.
coefficients in the Higgs potential are of the same order. Then, |Y Z| = O(1) and the effect is indeed
small.
A similar calculation applies to the decay B → Xsνν¯. However, due to the lack of experimental
data, no constraints on the parameters can be obtained.
We conclude that large contribution to K+ → π+νν¯ may arise for large Y or large Y Z∗.
3.9 B → Xτντ
The branching ratio for B → Xτντ has been recently measured by the ALEPH collaboration [50]
which leads to the upper bound
BR(B → Xτντ ) < 4.00% 95% CL. (42)
The uncertainties in the calculation are mainly from mb and mc. The diagrams that contribute to
the decay are given in fig. 5. In the calculation we neglect charmless final states, since they are
highly suppressed by CKM elements. A recent SM calculation was done in [51]. The MHDM result is
obtained from the 2HDM calculation [52, 53, 54] by replacing |X|2 with XZ∗
BR(B → Xτντ ) = BRSM(B → Xτντ )(1 + 1
4
|R|2 −D · Re(R)), (43)
where the SM result is [51]
BRSM(B → Xτντ ) = (2.30 ± 0.25)%, (44)
and
R ≡ mτmbXZ
∗
m2H
, D ≡ 2mτ
mb
F˜ intps (mc/mb,mτ/mb)
F˜ps(mc/mb,mτ/mb)
. (45)
The phase space functions F˜ps and F˜
int
ps are given in appendix B. For the ranges of masses that we use
D ≈ 0.43± 0.01. We disagree with [54] about the numerical value of D. Due to this disagreement the
bound that we obtain is weaker than the bound obtained by [54]. In 2HDM (Model II ) the interference
term always reduces the rate, while in MHDM it may also enhance it, depending on the relative phase
between X and Z. Nevertheless, in order to get bounds on |XZ| one should take the minimal value
for the branching ratio, which corresponds to arg(XZ∗) = 0. Thus, the bound on |X|2 in 2HDM is
the same as the bound on |XZ| in MHDM.
We conclude that large contribution to B → Xτντ may arise for large XZ.
3.10 e–µ universality in τ decays
e–µ universality is confirmed in leptonic decays of pions and kaons, and in τ decays (for a review
see [55]). The SM and MHDM diagrams are similar to those of B → Xτντ (fig. 5) with the replace-
ments: b → τ , c → ντ and τ → ℓ (ℓ = e, µ). At first glance, it seems that a useful bound on the
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MHDM parameters cannot be obtained since the final leptons are very light. However, in purely lep-
tonic decays both the theoretical calculation and the experimental measurement are clean. We then
require that the charged scalar contribution does not exceed the difference between the SM prediction
and the experimental result. The calculation in the case of muon decay was done in [56] and for τ
decay in [52, 57]2
BR(τ → µντ ν¯µ)
BR(τ → eντ ν¯e) = Fps(m
2
µ/m
2
τ )[1 +
R2
4
−D · R] ∼= 0.9726[1 + R
2
4
− 0.125R], (46)
where
R ≡ mτmµ|Z|
2
m2H
, D ≡ 2mµ
mτ
F intps (m
2
µ/m
2
τ )
Fps(m2µ/m
2
τ )
. (47)
F intps , the phase space function for the interference term, is given in appendix B. We use the recent
numerical values [58], which leads to the upper bound
BR(τ → µντ ν¯µ)
BR(τ → eντ ν¯e)Fps(m2µ/m2τ )
< 1.035 95% CL. (48)
We conclude that strong deviation from e–µ universality in τ decays may arise for large Z.
3.11 Electric dipole moment of the neutron
An electric dipole moment (EDM) of an elementary particle is a manifestation of CP violation (for a
review see [22]). In our discussion we concentrate on the EDM of the neutron (NEDM), Dn. Although
there are very large uncertainties in the calculation, we know that the contribution to the NEDM from
the electro-weak sector of the SM is much smaller than the current experimental bound [2]
|Dn| ≤ 1.2 × 10−25 e cm 95% CL. (49)
A large NEDM can be generated within MHDM in many ways (for a review see [30]). In our discussion
we concentrate on the two that involve charged scalars: the EDM of the down quark, and the three
gluon operator. The contribution to the NEDM from the EDM of the down quark is given in [59]. We
neglect the contribution from the internal top quark and using mc ≪ mH we get
Dn =
√
2GF
9π2
md Im(XY
∗)|Vcd|2 (ln(yc) + 0.75) yc. (50)
For the three gluon operator we use the naive dimensional analysis result [60]
Dn =
4
√
2ζGF g
3
s
(4π)4
Im(XY ∗)h′(yt), (51)
where
h′(y) =
y
8(1 − y)3
[
4y − y2 − 3− 2 ln(y)
]
. (52)
2We disagree with the numerical factor of the interference term in eq. (8) of [57]. It seems to us that they divide by
F intps /Fps instead of multiplying by this factor.
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ζ, the QCD correction factor, depends sensitively on the scale [61]
ζ = 10−3 − 10−1. (53)
We conclude that large contribution to the NEDM may arise for large Im(XY ∗).
3.12 B → ℓ+ℓ−
The branching ratio for B → ℓ+ℓ− has not been measured, but there is an upper bound for ℓ = e, µ.
The diagrams that contribute to B → ℓ+ℓ− are similar to the diagrams that contribute to K+ → π+νν¯
(fig. 4). The photon penguin diagrams vanish because of electromagnetic current conservation. The
charged scalar penguin diagrams contribute universally for all leptons. However, the charged scalar
box diagrams depend on the lepton mass. Thus, it is important only for B → τ+τ−. We emphasize
that in 2HDM the box diagram is negligible since it is proportional to |Y Z|2, which is 1 in Model II ,
or O(1) in Model I . A recent SM calculation was done in [62] and the 2HDM in [63]. We calculated
the box diagram. We neglect terms proportional to external quarks masses, and the QCD correction
which is small [62]. We get
BR(B → ℓ+ℓ−) = BRSM (B → ℓ+ℓ−)
[
1 +
GHZ (xt, yt, yℓ)−GHbox(xt, yt, yℓ)
GSM (xt)
]2
, (54)
where
BRSM (B → ℓ+ℓ−) = τBG
4
Fm
4
W
32π5
f2BmBm
2
ℓ
√
1− 4m
2
ℓ
m2B
∣∣∣GSM (xt)λt∣∣∣2 , (55)
λq = VqdV
∗
qb and G
H
Z and G
H
box are the charged scalar penguin and box diagram contributions, respec-
tively:
GHZ = ytxt|Y |2J(yt), (56)
GHbox =
1
8
xtyℓ(|Y Z|2I9(yt) + 2Re(Y Z∗)I10(xt, xH)).
GSM , J and Ii are given in appendix B. Our results agree with [64], but disagree with [63] about the
Dirac structure of the matrix element, and the sign of the first term of I9. However, since they work
within the framework of 2HDM, where the box diagram is negligible, this disagreement does not have
numerical significance.
A few points are in order:
1. The same calculation applies to Bs decays with (d→ s). Consequently, the branching ratio for
Bs decay is larger by approximately |VtsVtd |2.
2. It was noted [64, 65] that large effects may arise due to neutral scalar penguin diagrams, even
in 2HDM. This contribution depends on neutral Higgs sector parameters and could also be
small. We note that the contributions from the charged scalar and from the neutral scalars are
independent.
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3. The process KL → µ+µ− gets contributions from diagrams similar to B → ℓ+ℓ−. Since the muon
is light, the box diagram is negligible. In addition, the long distance contribution dominates.
Thus, it is difficult to estimate the charged scalar penguin diagrams contribution. We do not
discuss this process. For a detailed discussion in the framework of 2HDM, see [20].
4. The processes B → Xsℓ+ℓ− gets contributions from diagrams similar to B → ℓ+ℓ−, with the
addition of photon penguin diagrams. In 2HDM the charged scalar box diagrams are negligi-
ble [42, 66]. However, in MHDM they may be important for final τ leptons. Then an interesting
situation arises: The Z penguin depends on Y , the photon penguin depends on Y and Y X∗,
and the charged scalar box diagrams depend on |Y Z|. The process B → Xsτ+τ− then depends
on all the charged Higgs parameters. Furthermore, the neutral scalar penguin [64, 65] may also
contribute. However, due to the poor experimental data, no bounds can be obtained from these
decays.
We conclude that large contribution to B → ℓ+ℓ− may arise for large Y , and for B → τ+τ− also
for large Y Z.
3.13 B → ℓν
The branching ratios of the decays B → ℓν (ℓ = µ,τ) have not yet been measured, and the current
90% CL bounds [67]
BR(B → µν) < 2.0× 10−5, (57)
BR(B → τν) < 1.2%,
are about two orders of magnitude above the SM predictions. The calculation suffers from uncertainties
in fB and Vub. The diagrams that contribute to the decays are similar to those of B → Xτντ (fig. 5),
with the replacement c → u. The MHDM result is obtained from the 2HDM calculation [68] by
replacing |X|2 by XZ∗:
BR(B → ℓν) = BRSM(B → ℓν)|1−R|2, (58)
where the SM result is
BRSM(B → ℓν) = G
2
FmBm
2
ℓ
8π
(
1− m
2
ℓ
m2B
)
f2B|Vub|2τB, (59)
and
R ≡ m
2
BXZ
∗
m2H
. (60)
In 2HDM (Model II ) the interference term always reduces the rate, while in MHDM it may also enhance
it, depending on the relative phase between X and Z. Nevertheless, in order to get bounds on |XZ|
one should take the minimal value for the branching ratio, which corresponds to arg(XZ∗) = 0. Thus,
the bound on |X|2 in 2HDM is the same as the bound on |XZ| in MHDM.
We conclude that large contribution to B → ℓν may arise for large XZ.
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Figure 6: The upper bound on |Y | as a function of the lightest charged scalar mass mH . The three
curves correspond to mt = 100 (solid), 140 (dashed) and 180 (dotted) GeV.
4 Combined analysis
In this chapter we combine the results from the previous chapter and determine the region in parameter
space allowed by the data.
Several processes are sensitive to |Y |. For some of them there are very poor experimental data:
Bs − B¯s mixing and B → Xsνν¯. For others, the experimental bounds are far above the SM predictions:
K+ → π+νν¯, B → ℓ+ℓ− and B → Xsℓ+ℓ−. The bounds obtained from ∆mK and KL → µ+µ− are
very weak. The decay b→ sγ gives a strong constraint on |Y | in the case of 2HDM (Model II ) [69].
In MHDM, however, there is a possibility of cancellation between the two terms that depend on the
MHDM parameters (see eq. (36)), and such a bound cannot be obtained. Then, there are three
observables that constrain |Y |: ǫ (eq. (21)), xd (eq. (17)) and ǫb (eq. (32)). At present, ǫb gives the
strongest bound [36]. It is important to note that the bound from ǫb is strong since the experimental
value is far from the SM prediction. Actually, at the 1σ level mt is found to be less than the CDF
lower bound. Had the data fitted large mt, the bound on |Y | from B − B¯ mixing may become the
strongest. Our results are given in fig. 6. For example, we obtain
|Y | < 1.3 for mt=140 GeV and mH = 45 GeV. (61)
The only potential constraint on |X| comes from D − D¯ mixing (eq. (29)). However, the current
experimental bound with the large uncertainties in the CKM elements gives no useful bound. We
conclude that |X| is constrained by the perturbativity bound (eq. (16)):
|X| < 130. (62)
|Z| is constrained by e–µ universality in τ decays (eq. (46)) and by the perturbativity bound
(eq. (16)). For mH > 175 GeV the perturbativity bound is stronger:
|Z| < min(1.93 mH GeV−1, 340). (63)
|XZ| is constrained by B → Xτντ (eq. (43)), B → µν, B → τν (eq. (58)) and by the product of
the bounds on |X| and |Z|. For light charged scalar B → Xτντ give the strongest bound, while for
mH > 370 GeV the perturbativity bound is the strongest:
|XZ| < min(0.32 m2H GeV−2, 44200). (64)
In 2HDM (Model II ), where X = Z, eq. (64) gives |X| < 0.56 mH GeV−1, which is weaker than
the published bound [50, 54]. The difference arises due to the different values calculated for the
interference term and the different values taken for the SM branching ratio.
16
Figure 7: The upper bound on |XY | as a function of the lightest charged scalar mass mH . The three
curves correspond to mt = 100 (solid), 140 (dashed) and 180 (dotted) GeV.
Figure 8: The upper bound on Im(XY ∗) as a function of the lightest charged scalar mass mH . The
three curves correspond to mt = 100 (solid), 140 (dashed) and 180 (dotted) GeV.
It is important to note that below certain values of |XZ| and mH the destructive interference leads
to suppression and a bound cannot be obtained [68]. This happens at |XZ| < 0.18 m2H GeV−2 for
B → Xτντ and at |XZ| < 0.07 m2H GeV−2 for B → ℓν. We see that although the current bound from
B → Xτντ is stronger, B → ℓν can potentially give a stronger bound.
The bound on Re(XZ∗) is the same as the bound on |XZ|. However, the bound on the CP
violating parameter Im(XZ∗) is stronger. Im(XZ∗) can be bounded from the same processes that
bound |XZ|. For light charged scalar B → Xτντ give the strongest bound, while for mH > 440 GeV
the perturbativity bound is the strongest:
Im(XZ∗) < min(0.23 m2H GeV
−2, 44200). (65)
Several processes are sensitive to |Y Z|. For some of them there are very poor experimental data:
B → Xsνν¯, B → τ+τ− and B → Xsτ+τ−. The only measurement that could potentially bound |Y Z|
is K+ → π+νν¯ (eq. (39)). However, due to the current experimental bound and the large uncertainties
in the CKM elements this bound is weaker than the product of the bounds on |Y | and |Z|. The bounds
on Im(Y Z∗) and on Re(XY ∗) are the same as the bound on |Y Z|. For example, we obtain
|Y Z| < 110 for mt=140 GeV and mH = 45 GeV. (66)
The processes that are sensitive to XY ∗ are B − B¯ mixing, B → Xsℓ+ℓ− and b→ sγ. The
strongest bound comes from b→ sγ (eq. (36)). The bound on |XY | is very sensitive to arg(XY ∗) and
|Y |. The weakest upper bound on |XY | is obtained for maximal |Y | and arg(XY ∗) = π. Then, the
cancellation between the two terms, the one proportional to XY ∗ and the one proportional to |Y |2, is
maximal. Our results are given in fig. 7. For example, we obtain
|XY | < 4 for mt=140 GeV and mH = 45 GeV. (67)
The bound on Re(XY ∗) is the same as that on |XY |. However, the bound on the CP violating
parameter Im(XY ∗) is stronger. Im(XY ∗) is bounded by CP violating processes: NEDM (eq. (50))
and ǫ (eq. 24)), and by CP conserving ones: B − B¯ mixing, B → Xsℓ+ℓ− and b→ sγ. The strongest
bound comes from b→ sγ [9]. Our results are given in fig. 8. For example, we obtain
Im(XY ∗) < 2 for mt=140 GeV and mH = 45 GeV. (68)
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5 Discussion
In this chapter we discuss the differences between the general MHDM and the widely discussed 2HDM
(Model II )3. In 2HDM there are only two parameters in the charged Higgs sector: the mass of the
charged scalar, mH , and the ratio of the vacuum expectation values, tan β. The lower bound on tan β
is the same as the bound on 1/|Y | obtained from the decay Z → bb¯. Since in 2HDM X = Z, the upper
bound on tan β is the same as the bound on
√|XZ|. For intermediate values of tan β the bound on
mH is obtained from the decay b→ sγ (see e.g. [40]). There are two main reasons for the differences
between MHDM and 2HDM:
• In MHDM there are four parameters in the charged Higgs sector. In 2HDM, XY ∗ = 1 and
X = Z so there are only two. Thus, processes that involve combinations of these parameters
can be enhanced or suppressed in MHDM compared to 2HDM.
• The bounds on the parameters in MHDM may be weaker than the corresponding bounds in
2HDM. Thus, the possible effects are larger.
5.1 Bound on mH
In 2HDM b→ sγ gives a lower bound on mH almost independent of tan β: mH>∼100 GeV. In MHDM,
however, this bound does not hold. This bound has implications for the experimental search of the
charged scalar. In LEP200, a charged scalar of mass up to approximately 80 GeV can be found [19].
Consequently, the charged scalar of 2HDM cannot be detected at LEP200 while the charged scalar
of MHDM can. Furthermore, the charged scalar of 2HDM decays dominantly to τν and cs. Within
MHDM, when |X| is large and |Y | and |Z| are small, the cb channel becomes important. Large
background from W decays is expected if mH ∼ mW . Since the W -boson hardly decays into cb, the
H+ → cb¯ decay mode is easier to detect.
5.2 Processes that depend on |X| or |Z|
In 2HDM the bound on X = Z is the same as the bound on
√|XZ| in MHDM. Consequently, the
bounds on |X| and |Z| are weaker within MHDM. Thus, processes that depend on |X| or |Z| may be
enhanced within MHDM compared to the 2HDM case:
• The charged scalar box diagrams can saturate the experimental bound on D − D¯ mixing. Fur-
thermore, measurable CP violating effects in the interference of mixing and decay may arise.
Intuitively, the reason is that the charged scalar box diagrams introduce dependence on third
generation parameters. Based on the discussion in [32] we find that the measured asymmetry
ACP ≡ N [(ℓ
−X)D(P
+P−)D]−N [(ℓ+X)D(P+P−)D]
N [(ℓ−X)D(P+P−)D] +N [(ℓ+X)D(P+P−)D]
(69)
3In this chapter we refer only to Model II of 2HDM.
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(P+P− is a CP eigenstate, e.g. π+π− or K+K−) can reach its current upper bound
ACP ≤ 0.16. (70)
Note, that no new source of CP violation beyond the phase of the CKM matrix is required. A
recent estimate [70] shows that within one year operation of a Tau-Charm Factory asymmetries
of order 1% are measurable.
• Bs − B¯s mixing can be enhanced. The ratio between the two mixing observables, xd and xs, is
given by:
xs
xd
= r · |Vts|
2
|Vtd|2
. (71)
Deviations from r = 1 in eq. (71) are due to flavor SU(3) breaking effects. From eq. (18) we
see that when |X| is close to its upper bound and mH to its lower bound, the last term in IHH
dominates xs but it is still small for xd. Then, r is enhanced. We find that even r ∼ 7 is possible.
• Violation of e–µ universality in τ decays is proportional to |Z|2. Since the bound on |Z| is weaker
in MHDM compared with 2HDM, the violation can be stronger.
5.3 Processes that depend on Y Z∗ or XY ∗
While in 2HDM XY ∗ = Y Z∗ = 1, in MHDM XY ∗ and Y Z∗ are, in principle, arbitrary complex
numbers. Thus, processes that involve these combinations can be enhanced or suppressed in MHDM
compared with 2HDM:
• FCNC decays with third generation leptons in the final state. In such processes the charged
scalar box diagrams may be important. They depends on Y Z∗ and on the lepton mass. Thus,
in processes where leptons from the first and second generation are involved the box diagram is
negligible. For K+ → π+νν¯ we find that the SM upper bound
BRSM (K+ → π+νν¯) < 4× 10−10, (72)
is modified into
BRMHDM (K+ → π+νν¯) < 1.4 × 10−9, (73)
which is more than 3 times weaker than the SM bound. For B → Xsνν¯ we find that the SM
upper bound
BRSM (B → Xsνν¯) < 5.5 × 10−5, (74)
is modified into
BRMHDM (B → Xsνν¯) < 8.5× 10−4, (75)
which is more than a order of magnitude weaker than the SM bound. A similar enhancement
may occur for the decays B → τ+τ−, Bs → τ+τ− and B → Xsτ+τ−.
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mH [GeV] |X| |Y | |Z| |XY | |XZ| |Y Z| Im(XY ∗) Im(XZ∗)
45 130 1.3 85 4 650 110 2 465
200 130 1.9 340 8 12800 650 4 9200
Table 2: The upper bounds on the MHDM parameters for a representative value of mt = 140 GeV.
• Processes that involve the photon penguin diagrams depend onXY ∗. In 2HDM, the intermediate
charged scalar enhances the effective bsγ vertex. In MHDM, the intermediate charged scalar
may cause larger enhancement or, when arg(XY ∗) ∼ π, suppress the effective bsγ vertex. Thus,
processes like b→ sγ and B → Xsℓ+ℓ− may have different predictions in MHDM and in 2HDM.
5.4 CP violation
Within MHDM additional CP violating phases in charged scalar exchange are allowed. Those phases
are absent in 2HDM. CP violation from charged scalar exchange can make only a very small contri-
bution to ǫ (less then 4%), and cannot be the only source of CP violation [8]. The charged scalar
exchange may have a small effect on CP asymmetries in neutral B decays, at most 0.02 shift in the
measured CP asymmetries [9]. However, large contributions to the NEDM and to CP violation in top
decays [71] are possible.
6 Summary
We have studied the charged Higgs sector of the general Multi-Higgs-Doublet Model (MHDM). Using
experimental data and the requirement of perturbativity we constrained the model parameters. These
bounds are summarized in Table 2 for a representative value of mt = 140 GeV.
We pointed out differences between the general MHDM to the widely discussed 2HDM (Model II ):
• The bound on the charged scalar mass is lower in MHDM. Thus, the charged scalar of MHDM
are in the mass range accessible by LEP200.
• The bounds on |X| and |Z| are weaker in MHDM. Then, charged scalar exchange can saturate
the experimental bound on D − D¯ mixing, Bs − B¯s can be enhanced and strong violation from
lepton universality is possible.
• Large effects are possible in FCNC decays with third generation leptons. In these processes the
charged scalar box diagrams are important only in MHDM.
• There are differences in the predictions for processes that involve the photon penguin diagrams,
namely, b→ sγ and B → Xsℓ+ℓ−.
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• In 2HDM there is no source of CP violation from the Higgs sector. In MHDM there are new
CP violating sources but only when the charged scalars are not degenerate. Large CP violation
effects, that arise from the CKM matrix, are possible in D decays.
We conclude that MHDM may have large effects in various processes. Many of these effects do
not appear in the 2HDM.
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A Proofs of relations
In this appendix we give proofs of relations between the coupling constants of MHDM.
Relation 1
n∑
i=2
XiY
∗
i = 1 (for Φd 6= Φu). (76)
For Φd 6= Φu, unitarity of U gives
n∑
i=1
UdiU
∗
iu = 0 ⇒
n∑
i=2
UdiU
∗
iu = −Ud1U∗1u ⇒
∑n
i=2 UdiU
∗
iu
Ud1U
∗
1u
= −1. (77)
Using the definition of Xi and Yi (eq. (6)) we get eq. (76). The proof of the other two relations in
eq. (7) is obtained in a similar way.
Relation 2
n∑
i=2
|Xi|2 = v
2
v2d
− 1. (78)
Using eq. (6), eq. (5) and the unitarity of U we get
n∑
i=2
|Xi|2 =
∑n
i=2 |Udi|2
|Ud1|2
=
∑n
i=1 |Udi|2
|Ud1|2
− 1 = 1|Ud1|2
− 1 = v
2
v2d
− 1. (79)
The proof of the other two relations in eq. (8) is obtained in a similar way.
Relation 3 Xi, Yj and Zk (i, j, k ∈ 2..n) cannot be simultaneously large (more than
√
n− 1), unless
there is at least one Higgs doublet that does not couple to fermions.
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The proof is given for a general case where there arem types of massive fermions and n Higgs doublets.
We denote the coupling of each fermion type by Xk, where k is the fermion type. We demand
|Xki | > a. (80)
Using eq. (8) we get
a2 < |Xki |
2 ≤
n∑
i=2
|Xki |
2
=
v2
v2k
− 1 ⇒ v2 > (a2 + 1)v2k. (81)
Summing over all fermions types we get
mv2 > (a2 + 1)
m∑
k=1
v2k. (82)
We have to distinguish between two cases. First, m = n and each fermion type couples exactly to one
Higgs doublets. Then eq. (82) with eq. (5) lead to
nv2 > (a2 + 1)v2 ⇒ a < √n− 1. (83)
On the other hand, if there is at least one Higgs doublet that does not couple to fermions, a is not
bounded.
B Formulae
In this appendix we give the expressions of various functions that play a role in our study.
B.1 Neutral meson mixing
All the integrals that we have to calculate are of the form
Jn(a, b, c, d) =
∫
∞
0
xn dx
(x+ a)(x+ b)(x+ c)(x + d)
, (84)
for n = 0, 1, 2. We get
Jn =
an ln(a)
(a− b)(a− c)(a− d) +
bn ln(b)
(b− a)(b− c)(b − d) + (85)
cn ln(c)
(c− a)(c − b)(c− d) +
dn ln(d)
(d− a)(d − b)(d − c) .
The integrals in the text are
I1(yt) = J2(1, 1, yt, yt) =
1 + yt
(1− yt)2
+
2yt ln(yt)
(1− yt)3
, (86)
I2(yt) = J1(1, 1, yt, yt) =
2
(1− yt)2
+
(1 + yt) ln(yt)
(1− yt)3
,
I3(xt, xH) = J2(1, xH , xt, xt) =
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xt
(xt − xH)(1− xt) +
x2H ln(xH)
(1− xH)(xt − xH)2
+
xt(xt + xtxH − 2xH) ln(xt)
(1− xt)2(xt − xH)2
,
I4(xt, xH) = J1(1, xH , xt, xt) =
1
(xt − xH)(1− xt) +
xH ln(xH)
(1− xH)(xt − xH)2
+
(x2t − xH) ln(xt)
(1− xt)2(xt − xH)2
,
I5(yb, ys) = J2(1, 1, ys, yb).
The SM integral can also be obtained from the general integral J . However, we keep the conventional
notation [22]
I0(y) = 1− 3y(1 + y)
4(1− y)2
[
1 +
2y ln(y)
1− y2
]
, (87)
I6(x, y) = ln(y/x)− 3y
4(1− y)
[
1 +
y ln(y)
1− y
]
.
For the calculations of the matrix elements we use the Vacuum Insertion Approximation
VLL = 〈B¯|[d¯γν(1− γ5)b][d¯γν(1 − γ5)b]|B〉 = 1
3
f2BmB , (88)
SLL = 〈B¯|[d¯(1− γ5)b][d¯(1− γ5)b]|B〉 = −5
6
(
mB
mb +md
)2
f2BmB.
B.2 Z → bb¯
C =
α vL
2πsin2 θW (v2L + v
2
R)
, (89)
with
vL = −1
2
+
1
3
sin2 θW , vR =
1
3
sin2 θW . (90)
B.3 b→ sγ
GW (x) =
x
12(1 − x)4
[
(7− 5x− 8x2)(1− x) + 6x(2− 3x) ln(x)
]
, (91)
GH(x) =
−x
6(1− x)3 [(3− 5x)(1 − x) + 2(2 − 3x) ln(x)] ,
Fps(x) = 1− 8x+ 8x3 − x4 − 12x2 ln(x).
B.4 K+ → π+νν¯
DSM (x, y) =
1
8
{
xy
y − x
(
4− y
1− y
)2
ln(y)− 2x−
(
1− 3
1− y
)
3x
1− x (92)
−
[
x
y − x
(
4− x
1− x
)2
+ 1 +
3
(1− x)2
]
x ln(x)
}
,
DZH(x, y) =
xy
4
1− y + ln(y)
(1− y)2 ,
I7(xt, xℓ, xH) = J2(1, xt, xℓ, xH),
I8(xt, xℓ, xH) = J1(1, xt, xℓ, xH).
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B.5 B → Xτντ
The phase space factors for three body decay with only one massless anti-particle in the final state
are [72, 53]
F˜ps(x, y) = 12
∫ 1
(x+y)2
ds
s
(s− x2 − y2)(1− s)2g(s, x2, y2), (93)
F˜ intps (x, y) = 6
∫ (1−y)2
x2
ds
s
(s− x2)2g(1, s, y2),
with
g(a, b, c) =
√
a2 + b2 + c2 − 2(ab+ ac+ bc). (94)
We do not give the analytic expressions of these functions. F˜ps can be found in [72], while we use a
computer program to calculate F˜ intps .
B.6 e–µ universality in τ decays
The phase space function for the interference term can be found in [57]
F intps (x) = 1 + 9x− 9x2 − x3 + 6x(1 + x) ln(x). (95)
B.7 B → ℓ+ℓ−
GSM (x) =
1
2
(
x+
3x
1− x +
3x2 ln(x)
(1− x)2
)
, (96)
J(yt) =
1− y + ln(y)
2(1− y)2 ,
I9(yt) = J2(1, 1, yt, 0) =
1− yt − yt ln(yt)
(1− yt)2
,
I10(xt, xH) = J2(1, xt, xH , 0) =
xt ln(xt)
(1− xt)(xH − xt) +
xH ln(xH)
(1− xH)(xt − xH) .
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